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Thermofield dynamics in the theory of magnetic polaron
mobility in ferromagnetic semiconductors

B V Egorov
Institute of Metal Physics, Prospekt Vernadskogo 36, 252680, Kiev, Ukraine

Received 10 October 1991

Abstract. We used the method of thermofield dynamics to calculate the magnetic polaron
mobility in a ferromagnetic semiconductor at temperatures much lower than the Curie
temperature. We obtained an exact equation for mobility in the lowest order of electron
occupation numbers. Other parameters were assumed 10 be arbitrary quantities. The results
showed that the gap in the magnon spectrum changes the low-temperature mobility asymp-
totics from polynomial to exponential form.

1. Introduction

Over the last 30 years, many people have studied the magnetic polaron problem, in
which the conduction electron mobility in a magnetic semiconductor is affected by the
lattice magnetization created by the electron itself. The magnetic polaron problem has
all the difficulties inherent in the particle-boson interactions involving strong coupling,
so it would seem that we cannot construct a rigorous theory and must instead be satisfied
with various special limiting cases and variational methods.

Fortunately, because of spin conservation, ferromagnetic semiconductors are an
exception to this rule and the Schrddinger equation for magnetic polaron states can be
solved rigorously for any spin value of the spin—electron coupling at T = ( [1, 2] (see
also [3-5]). At zero temperature, magnetic polarons are undamped quasiparticles with
an effective mass somewhat larger than that of a free electron, and the bottom of the
magnetic polaron band is somewhat lower.

In addition to the renormalization of both the mass and the ground state level at
finite temperatures, polarons have a finite lifetime and magnon contribution to their
mobility. Increasing temperature causes a sharp drop in the polaron lifetime, and at
some temperatures it may be of the same order as the magnetic polaron energy. The
spectrum ceases its free-quasiparticle behaviour and most of the carriers are trapped by
magnetization fluctuations [6-7].

The magnetic polaron probiem has been treated in various ways. Most papers have
dealt with extreme cases of either weak spin—electron coupling (wide electron bands)
[8-10] or very strong spin—electron coupling (narrow bands) [11, 12], For the latter case,
a low value of 1/2S was used as the perturbation parameter (S is the atomic spin).
Regardless of the fact that the s exchange integral might be large, the effective mass
renormalization is small in the limit 1/28— 0.
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In a number of papers [13-15], the relation between the band width and the s—f
exchange constant A is assumed to be arbitrary, but the approximations used give rise
to uncontrolied errors in the final results. The authors of [16] calculated the spectrum
and damping of a magnetic polaron at low temperatures without using any uncontrolled
approximations. The authors of [17] claimed to do the same, but the results of these two
papers are not in agreement.

The authors of [ 16] used expansion of path integrals over magnon numbers, but they
assumed that the magnon energies would be negligible (w, = 0).

Previous papers that dealt with the intermediate coupling case were concerned only
with the one-particle Green function, and even so, no attempts were made to calculate
polaron mobility.

The aim here is to fill this gap in our knowledge (at least for low temperatures) by
calculating the spin polaron damping and its mobility while explicitly taking into account
magnon energies. In the limit e, = 0 our results are in agreement with those of [16]. The
only restriction on the values of parameters is that the temperature must be low. All
other relations between the parameters of the Hamiltonian are assumed to be arbitrary.

The technique of thermofield dynamics is useful for obtaining low-temperature
expansions in cases where the zero-temperature problem has an exact solution {18] (e.g.
the case of the magnetic polaron problem in ferromagnets).

The thermofield dynamics method is based on the equivalence of the calculation of
traces of statistical matrices and the calculation of the matrix elements of some vacuum
state dependent on temperature (for details see [18]). Therefore, it is possible to intro-
duce a temperature-dependent ‘Hamiltonian®, This ‘Hamiltonian® coincides with a true
Hamiltonian in the limit 7 = 0. Using the standard thermofield dynamics procedure, we
introduce a Hamiltonian dependent on magnon number n. We consider the terms
proportional to n that are small at low temperaturés as perturbative. We treat the terms
of zeroth order in # as the unperturbed part of the Hamiltonian. We diagonalize the
unperturbed Hamiltonian by the appropriate canonical transformation and we then
develop a perturbation technique with » as the only small parameter. To the first non-
vanishing order, we find the magnetic polaron damping and mobility.

As a rule, magnon energies are small compared with electron energies, but we
show that magnon energies must be taken into account to obtain the low-temperature
asymptotics of polaron damping. If we regard w, as negligibly small, then the spin
rotation invariance of the s-f exchange Hamiltonian causes cancellations in the equations
for polaron damping. The amplitude of the electron—magnon scattering vanishes when
wavevectors tend towards zero. Therefore, in the equations for effective mass and
dampir;zg, the temperature correction terms have high powers (e.g. the damping
y < T7).

However, if we take into account the magnetic anisotropy energy, the rotation
invariance breaks down. The magnon spectrum has a gap of type w, = w; + ag?,
@y # 0 and the low-temperature asymptotic must be of another type. We show that
temperature correction terms of the order w,T*?exp(—wy/kT) survive in the
expression for damping.

2. Thermeofield dynamics transformations

The Hamiltonian for a conduction electron interacting with the spins of magnetic atoms
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is given by
H =2 E(p)a},a,, + AN ™2 2 (a}sS;ilpa + a8} 11)
ro po

+ A(N)™I2 2,:‘ (81,53 p @y — a53S3-,0,q) + Hy. (1)
D

Here a;, and a,, (o = up (u) or down (d)) are conduction electron operators with spin
o and wavevector p; A > 0 is the s—f exchange integral, & is the number of magnetic
atoms in the crystal; $*, S~ and 57 are the Fourier images of the lattice spin operators;
and Hyisthe Hamiltonian of the atomic spins. For convenience, we transform $*, §™ and
§7 to Bose operators using the Dyson—Maleev transformation, in the site representation

Sy = (28)¢t (1 - ¢}, /25) Sy =(28)"c, Si=8—cic, (2)
After the Fourier transformation cj = (N)~'2Z ¢; exp(ikr,) the Hamiltonian (1)
takes the form

25)'72A
H=3 E(po)ajuaps + SN S hictoitps + cymsta)

A A

+ = Alqdi,g — b, el e — r——
N%( kd® pd ku.pu) q-k=ptg N(zsN)lfz

X 2 aFuCh ok tqma1Cotlka + Hu. (3)
kk 1941

In the above equation we have Hy, = Z w(g)c] c,,and E(po) = E(p) + ASé,, in which
d,=1land 3= —1.

In (3) Hy is the Hamiltonian for free magnons.

To introduce thermofield dynamics transformations, we take this Hamiltonian (3)
and add the tilded Hamiltonian [18]

Hy = -2 o(g)éte, (4)

that contains a Bose field with negative energies. Adding Hy, to (3) does not affect its
eigenstates since it does not contribute to the interaction.

We wish to solve the eigenvalue problem for the Hamiltonian (3) on a single-fermion
subspace, so we do not need to use tilded electron operators.

To connect the variables of (4) with those of (3}, the Bogolubov transformation must
be done in the following way:

¢, = cosh 8(qg) 7,(8) + sinh 8(q)&; (B) (5a)
&, = cosh B(q) £, (B) + sinh 8(q)z; (B) (5b)
sinh 6(g) = n}f? = (efeld — 1)-12 B=1/kT 50

c

cosh 8(q) = (1 + n,)'?.

Following [18], the temperature-dependent Bose operators 5,(8), 5(8) and Z,(8),
<,(B) are, respectively, the hole and magnon thermofield operators. The vacuum state
|} for such operators (i.e. ¢,(8)|®) = 0and z,(8) |®) = 0) depends on the temperature
and coincides with the thermodynamic equilibrium state, so that the magnon numbers
are given in the usual way as (®|c} ¢,|®) = n,. The use of this equation enables one to
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express the product of any operator and the statistical matrix as the diagonal matrix
element of the operator on the vector |®).

_ Substituting the thermofield operators for the initial ones in the Hamiltonian
Hy + H, we find the result ta lowest order in n, by omitting squared and higher terms
in n,:

HH+H=HD+H| .\ (6&)
. (25)'72A

Hy= > E(po)ag,a,, + > w(q)eg cq — z w(g) iy &+ NE

q

X Z (@5 6-18pa + HC) + —15 Z (FRaOk,a — TuBip) € Chok,+q

N1/2
A ‘ -
- m@zqq A8 ulka 5, Ch-ky+q=q1 % (65)
1991
A(25)"? : z
= "%r%“zwu it 87 ~ 0y -40,0 + )
kp

E (a},q sinh @(k) ~ K)ely- 1 &4, -4 @40 + HC)
k[k-v

Z (a}, sinh (k) — k) <f,_ &4, 4@y + HC)

kk[k-n
—A E + PN, .
+ (2SN)172 , Aigliiu®y 4y -k +q-q; Sinh B(g). (6¢)
k1991

For brevity we omit the index f in the thermofield magnon operators 2. We also
neglect the difference between cosh 8(g) and unity. This small guantity must be taken
into account when calculating the effective mass renormalization, but it leads to higher
order corrections when calculating the damping renormalization.

At T = 0, the non-vanishing part H will be treated as the unperturbed Hamiltonan.
It is made up of terms not involving creation or annihilation of thermofield holes. The
perturbative part H, takes account of hole creation processes in the lowest order in
temperature. This replaces the processes of magnon annihilation usually found in quan-
tum mechanics. Since the Dyson-Maleev transtormation is not unitary, it contributes
non-Hermitian terms to the Hamiltonian (6) (e.g. there is no Hermitian conjugated
counterpart to the last term in (6)). Nevertheless, one can see that this part must contain
terms describing either the annihilation of two real magnons or the creation of two
thermofield holes, and it is of higher order in temperature.

After transformation (5) we obtain the Hamiitonian in a simple form in which H
describes spin polaron states with infinite lifetime and H, unavoidably causes polaron
decay because it creates a magnon hole with negative energy and-a magnon with positive
energy. This process substitutes for the usual electron-magnon scattering,

To calculate the damping and mobility of the spin polaron, we have to diagonalize
Hyand transform the free-electron operators 4, and a,, to polaron operators «/, and

Gpo
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3. Caneonical transformation to polaron operators

The transition to spin polaron operators can be made in several ways, for example by
using the explicit form of the spin polaron wavefunctions [ 1-3]. We shall use the canonical
transformation with the following unitary operator

0 =e? B= 2 [(25)”2b(k’ p)a;d Ch—pBpu (2S) lf'zb(k, P)a;u cg—pakdl (7)
kp

where b{k, p) is a real function whose explicit form is defined below.

The canonical transformation (7) has been used in the theory of phonon polarons of
intermediate coupling [19], but in those cases it does not lead to exact eigenfunctions.
This is because the transformation to phonon polaron operators must include terms with
any power of boson creation and annihilation operators. In the spin polaron case, these
terms vanish because of spin conservation. The spin polaron in ferromagnets bears only
a virtual boson, and the transformation (7) gives the precise diagonalization of the
Hamiltonian Hy,. '

The transformed fermion and boson operators are

af, =e’aj,e”? vi =efcfe® (8)

The function &(k, p) is defined by the condition that the wavefunction aj_ |0) would
satisfy the Schrodinger equation with the Hamiltonian H,. Here the state |0) corresponds
to the fermion vacuum |0),, and thermofield vacuum [®): |0} = |0}, @ | D).

We only studied one-clectron states, and the following identities are valid in the one-
fermion subspace:

+

— , o =
129743 =0 o Qg Qg = 0 K oQpg = '5kp6001' (9)

o

Expanding e”? and summing the row taking into account identities (9), we obtain
the expression

e =1 +E a;uapu[(COSLl)kp - 5.‘:{7] + E azdapd [(COS Lz)kp - 5kp]
kp kp

+ 2 a’.’:-u apd(z‘s)”zb(kv Q)Cf—q(Sin i-Z/i'Z)qp

kpq

+ 2 af.’-:u apd(zs) ljzb(k1 Q)cq-k(Sin LZ/LZ)qp (10)
kpg

where quasimatrices L, and L,. with elements Li(g,p)and L (g, p), are given by
1/2
Li(@:p) = |25 S b4, 4)5(p41) Gi-gurms (1)
Paq1
Lo(g:p) = |25 2 blg, a1)b(p. 91) 45151 (116)

Pgq1

The matrix functions in (10) must be treated as the sum of corresponding series.
These sertes only contain terms with even powers of matrices L, and L,, so there are no
terms with fractional powers of operators in (10).
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From the definition (11), taking into account (9) and substituting exp(B) from (10)
for (8), we obtained the following fermion operator transformation laws:

. sinl
Aty = > aga(cosby)y, + > a,4(25) Wh(p, 9, (—.E—Z) (12a)
q - 2 gk

- sinL
af, = Ea,’;,,(cos Lo)ig + > a;d(25)1/3b(p, 4)q-p (—1———1—') K (126)
q Pg 9

L
From the definitions of L, and L, we can derive commutation relations:
sinL sin L
Sote et (12), =2 (1), b4 (13)
L qp q L, kg
sin L, sin L,
S otk ) ) =3(2) 6@ (135)
L/ TV Jy

Using these relations we can easily prove that the transformation (10) is unitary.
The polaron wavefunction aj, [0y must be defined from expression (12). To do so,
we must calculate only the vacuum matrix elements. Further formulae look much simpler
if we take into account the relations ¢, <f |0) = 0 (whereg # &) and ¢,|0) = 0. Asaresult,
only the diagonal elements of these operators do not vanish, and the wavefunction
reduces to
sin G(k)
G(k)

@ty |0) = aty cos G(K)I0) + 2 b(g, K)ak, (25) 7 ¢}, [0). (14)
q

Similarly,
ot |0) = af, |0). (15)
In (14),
G(k) = 28 2, b?(k, q) = (0| L3(k, k)|0).
q

Note that a formula similar to (14} for a conventional polaron was obtained in [20].

The function b(k, g) has not been determined yet. We define it using the condition
that (14)isthe eigenfunction of Hamiltonian Hy(i.e. the termslinearin y* intransformed
H must vanish). This is sufficient since the terms y*y™ must also vanish due to spin
conservation, and the normal terms y*y turn out to be zero in the vacuum state.

On substituting the wavefunction (14) into the Schrédinger equation, we obtain

Hyals|0) = €(k)er 4 |0) (16a)
where
_ 2AS tan G(k) <
(k) = E(kd) + = ® % bk, q) (16b)
with the function b(k, g) defined by
bk, g) = G(q)| E(gqu) — %(q)]/28(N)'2 tan G(q)[¥(g) — E(ku) — w(g - k)] (17)

Excluding b(%, g) from these formulae, we find the equation for the spin polaron
spectrum %(k) in the standard form [2];
248 A 1
S22 R (L)
248 + €(k)~ E(kd) N s E(k)— E(qu) - w(k—q)’

1-
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In the case of narrow bands AS »>AF (A E is the band width), the function b(k, g) =
—1/28(N)"2, and transformation (8) coincides with that found in {12], based on this

extreme case.
When the one-electron spin-down Green function for zero temperature is defined in

the usual way,

Yw,p)=1i Tf elor=eitl(0] eHo'q,, e ~Hotg ;| 0) dt (19)

it can be reduced to
(o, p) = 2(p)/ (@ — €(p) +ic) (20)

near its pole, where z(p) = cos? G(p) is the polaron wavefunction renormalization
constant. : ‘

4. Magnetic polaron damping and mobility

To calculate the mobility, we shall use the results of Langreth and Kadanoff [21], who
dealt with a similar polaron problem in ionic crystals. They obtained a perturbation
expansion of the mobility as a power series in the coupling constant and electron density.
They found that the current—current correlatorin the first non-vanishing orderis reduced
to the product of two one-particle Green functions. For the mobility, they obtained the

formula .
eh® , &°p (dow , ( W~ C)
p‘ - 6kB Tnemz jp (23)3 J. 23.!'. [A(pl w)] exp kBT (21)

where n, is the electron density, { is the chemical potential, {/kpT— —x, p is the
wavevector,

A(p, 0) = 2z(p)[t(p)/A] "' {lw — B(P)} + [v(p)/R] %} (22)

is the spectral weight function for the one-electron Green function, t~!(p) = 2I'(p,
%(p))/# is the reciprocal polaron lifetime and I'(p) is the polaron damping determined
in the usual way as I'(p) = Im Z(p, €) where X is the self-energy.

To calculate the mobility to the first non-trivial order, we can take the values of $(p)
and z(p) from Green’s function (20), but the finite value of 7(p) should be obtained
from the Hamiltonian H,. To the second order in H,, we have

z(s)
mi(ﬂﬂz |sH? (23)

2p,0) =2

5

where s denotes eigenstates of H; with energy E(s) and |p) = a}4|0} is the polaron
wavefunction. Taking the imaginary part, we obtain

I(p) = 7 2 2() s\ H. 5a|0) 8(B(s) ~ $(p)). (24)

We studied polaron states with small wavevectors p and low energies, thus |s) in (23)
must contain only spin-down states. The spin-up states have energies about 2AS or
highet so they cannot satisfy energy conservation criteria. The boson states in |s) include
one thermofield magnon hole and one real thermofield magnon. This is a result of the
two magnon interaction in Hy. To obtain the value of damping, from (23), we calculate
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the function H, a,[0). Instead of transforming the operator H, using transformation
(8), it is convenient to calculate this function in terms of the initial operators 2 and 5. If
we retain only the terms linear in n, from (7) and (14), we find

. E(p) — E(p — q) — w(q,)
Hya}|0) = E s7 <5, sinh 8(g) cos G(p) 2(p) — E(p — q1u) — 0(q1)

X(ap+q q1d (ES)IQNEGPMQM:U‘P =P lO) (25]

The states |s} have wavefunctions of the type
s} = azays 73,100 = e®a] 4c5 55,10) (26)

and z(s) = z{p|). As we calculate the matrix element in terms of the initial 0perators
we use the latter equality for |s) in (26). To simplify the calculations, note that &7,
commutates with e®. Although the commutator [e?, #}] does not equal zero, it can
nevertheless be neglected because its contribution to the hfenme isof the order 1/N (the
single electron is not able to change real magnon states). So we have the convenient
formulae '

Is) =23, ] €®a}al0) =4 {27 7,4|0) (27a)
HoGgleq a5al0) = {wy — @y, + E(P)) &g105 @palO). (27b)

Substituting (27) and (25) in (24) we obtain, after some tedious calculations,

M) = 5 2 8(8(k + 9 —41) + w(,) -~ o(q) - €(K))

443

E(k)— E(tk—q,) — w(q)) _
(%(k) —E(k—g,) - 2AS - w(q,)) Rk, k +q ~ qi)n

R(k) = (1/28)cos G(k) cos’ G(k + g ~ q)[E(k + g —q,) + 2AS - €k + g — q\)].
(286)

Let us compare this formula with those already known. In the limit w,~ 0, the
relations B(k) = €(k + g — ¢,) and E(k) = E{k + g — q,) are valid and formula (28)
coincides with the result of [16] to the lowest order in &,

In the extreme case of narrow bands or a high value of atomic spins, 248 » 1, the
value R(k. p) = A and (28) coincides with the results of [11, 12].

For small wavevectors we can calculate the polaron damping explicitly. Polaron
and magnon spectra can be represented in the usual way as E(k) = A%k%/2m, €(k) =
€(0) + 222 2m*, w(q) = wq + #2g?/2M, where m is the free-electron mass; m* is the
polaron effective mass, M is the magnon effective mass and €(0) is the shift of the bottom
band caused by polaron formation. Further, we can imply the validity of the inequalities
Mz m, M>m*, AS > wy, AS = kgT. Since polaron thermal wavevectors are much
smaller than magnon thermal wavevectors, we have, from (28),

v*m*kR? p* + k2
1= [ i (5 ) @)
with & = 2wym/h?, A2 = (2AS — €(0))2m/h?, where v is the unit cell volume, R =

(28a)
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R(0,0) = A cos® G(0) (1 — %(0)/2AS). In the case of intermediate or strong s—f
coupling, A is not small. At low temperatures, we use the inequality p < A, and omit p?
from the denominator in (29).

For the temperature range kg T > g, when we use the identity A2/2M = ISa* (where
a = v'® and Iis the Heisenberg exchange integral), we obtain for the polaron reciprocal
lifetime the formula

t71(k) = 20(k)/# = [k cos® G(0)/3maS? (ks T/IS)""? @ o(m* /m) (300)

in which @, = 15 22 {(7/2)/64 n* = 1.5 x 1072, where { is the Riemann function.
Sofar, we have treated the spin polaron almost as a free particle, which requires that
it fulfi the condition I' <€ %(X%), that is

ka > [cos8G(0)/482 (ks T/1S)77 &, (308)

For both extreme cases of broad and narrow band widths with 25 > 1, cos G(0) = 1.

The result given by (30) is well known, but at temperatures kg T <€ g, for which
magnon energies must be taken into account explicitly, the expression for polaron
lifetime has a different form. Retaining k and dropping p? from the nominator of (29),
we find

171(k) = [om*kw} cos® G(0)/32 &3 a3 82 (ks T/1S)*? exp(—wq/ks T). (31)

Finally, integrating (21) over polaron wavevectors, and taking into account the fact that
the integrand is not small only for low energies, we obtain for the mobility the formula

___ p*dipz? ( _ _%;(E)_:_?)
k= kg tn.m? | @2n)r(p) <

kT
- = [2%he(2m*) 2 [3m? (kg TY'2] (311 (k) ak) ™. (32)

As we can see from this final formula, increasing temperature causes the mobility to
decrease extremely rapidly.

In conclusion, we note that magnetic field has a great effect on @y, and formulae
(31) and (32) successfully describe the negative magnetoresistance of ferromagnetic
semiconductors.
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